Spectral representation of one-dimensional Liouville Brownian Motion and
  Liouville Brownian excursion by Jin, Xiong
ar
X
iv
:1
70
5.
01
72
6v
1 
 [m
ath
.PR
]  
4 M
ay
 20
17
SPECTRAL REPRESENTATION OF ONE-DIMENSIONAL LIOUVILLE
BROWNIAN MOTION AND LIOUVILLE BROWNIAN EXCURSION
XIONG JIN
ABSTRACT. In this paper we apply the spectral theory of linear diffu-
sions to study the one-dimensional Liouville BrownianMotion and Li-
ouville Brownian excursions from a given point. As an application we
estimate the fractal dimensions of level sets of one-dimensional Li-
ouville Brownian motion as well as various probabilistic asymptotic
behaviours of Liouville Brownian motion and Liouville Brownian ex-
cursions.
1. INTORDUCTION
Liouville Brownian motion (LBM) was introduced by Garban, Rhodes
and Vargas [15] and by Berestycki [6] as away of understandingbetter the
geometry of two-dimensional Liouville quantum gravity (LQG). Roughly
speaking, planar Liouville Brownian motion is the time-change of a pla-
nar Brownian motion by the additive functional whose Revuz measure
with respect to Lebesgue is the so-called Liouville measure
µγ(dz)= eγh(x)dx, x ∈D,
where γ ≥ 0 is a given parameter, D is a regular planar domain and h
is a Gaussian free field (GFF) on D with certain boundary conditions. As
GFFs are defined as randomdistributionsor Gaussianprocesses on a cer-
tain space of measures which does not contain Dirac masses, h(x) is not
well-defined for individual points x ∈ D. Therefore certain smooth ap-
proximations of h are needed to define the measure µγ rigorously. This
was done by Duplantier and Sheffield in [10] for γ ∈ [0,2) by using cir-
cle averages around given points. The resulting measure µγ is a random
measure onD carried by a random fractal set whose fractal dimension is
2−γ2/2.
Such random fractal measures with “log-Gaussian” densities obtained
via a limiting procedure have a long history. The study was initiated by
Mandelbrot [21] in the 1970s to analyse the energy dissipation phenom-
enon in fully developed turbulence. The mathematically rigorous foun-
dation of these randommeasures was built later by Kahane [18] in 1985,
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which now is referred as the Gaussian multiplicative chaos (GMC) the-
ory. For a historical review of GMC and its relation to GFF and LQG, see
for example the survey paper [23] of Rhodes and Vargas and the lecture
notes [8] of Berestycki.
The study of planar Liouville Brownian motion was carried out in [14,
23, 1] with a focus on the regularity of the transition density function of
LBM (so-called Liouville heat kernels). In this paperwe shall continue the
study but mainly focus on the case of one-dimensional Liouville Brown-
ian motion, defined as a generalized linear diffusion process with natu-
ral scale function and speed measure ν, where ν is a boundary Liouville
measure on R obtained from a GFF on the upper half-plane with Neu-
mann boundary conditions.
The advantage of studying the one-dimensional case is that there ex-
ists in the literature a fully developed theory on the probabilistic inter-
pretation of linear diffusions in terms of their scale functions and speed
measures, namely the spectral theory of linear diffusions (see [11] for
example). With the help of the spectral theory of linear diffusions, we
are able to estimate various probabilistic asymptotic behaviours of one-
dimensional LBM as well as that of Liouville Brownian excursions (LBE)
from a given point. For example in Theorem 4.1 we calculate the Haus-
dorff and packing dimension of the level sets of the one-dimensional
LBM, and in Theorem 4.7 and 4.8 we study the asymptotic behaviours
of the lifetime of the excursion under the Liouville Brownian excursion
measure.
The rest of the paper is organized as follows: in Section 2we give a brief
review of one-dimensional Brownian motion and Brownian excursions,
then we define the one-dimensional LBM and LBE from a given point via
time-change of additive functionals obtained from boundary Liouville
measures; in Section 3.2 we give a brief review of Krein’s spectral theory
of strings and list the spectral representation of LBM and LBE using the
spectral theory of excursions of linear diffusions developed in [28, 25]; in
Section 4 we study various probabilistic asymptotic behaviours of LBM
and LBE.
2. ONE DIMENSIONAL LIOUVILLE BROWNIAN MOTION AND LIOUVILLE
BROWNIAN EXCURSION
2.1. Brownian motion and Brownian excursion. Let W = C (R+,R) de-
note the Wiener space consisting of continuous functions from R+ to R.
We regard W as a complete separable metric space. Let W denote its
Borel σ-field. Let P0
BM
be the Wiener measure on (W ,W ), under which
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the canonical process w = {w(t )}t≥0 is a one-dimensional Brownian mo-
tion starting from 0. For x ∈ R let Px
BM
(·) denote the measure P0
BM
(·+ x),
that is the law of the one-dimensional Brownianmotion starting from x.
Let {L(t ,x)}t≥0,x∈R denote the joint-continuous versionof the local time
of the Brownian motion under P0
BM
. For any bounded continuous func-
tion f on R one has∫t
0
f (w(s))ds = 2
∫
R
f (y)L(t ,x)dx
for P0
BM
-almost every w ∈W . For ℓ≥ 0 let
τ(ℓ)= inf{t ≥ 0 : L(t ,0)> ℓ}
be the right-continuous inverse of the local time at 0. For ℓ≥ 0 such that
τ(ℓ−)< τ(ℓ), we may define the path of the excursion at ℓ as
e (ℓ)(t )=
{ |w(τ(ℓ−)+ t )| if 0≤ t ≤ τ(ℓ)−τ(ℓ−),
0 if t > τ(ℓ)−τ(ℓ−).
The excursion e (ℓ) takes values in the subspace E ⊂W consisting of con-
tinuous paths e : [0,∞) 7→ [0,∞) such that if e(t0)= 0 for some t0 > 0 then
e(t ) = 0 for all t > t0. Let E denote its Borel σ-field. By Ito’s excursion
theory, there exists a σ-finitemeasure nBE on (E ,E ) such that under P
0
BM
,
the point measure ∑
ℓ≥0:τ(ℓ−)<τ(ℓ)
δℓ,e(ℓ)(dsde)
is a Poissonmeasure on R+×E with intensity
ds⊗nBE(de).
The measure nBE is called Ito’s excursion measure of the Brownian mo-
tion. Here we present the following four descriptions of nBE listed in [13].
For more details on Brownian excursions, see [22, Chapter XII] for exam-
ple.
For x > 0 let Qx
BM
denote the law of the one-dimensional Brownian
motion starting form x and absorbed at 0. For x ≥ 0 let Px
3B
denote the
law of the 3-dimensional Bessel process starting from x. Let Wx
3B
de-
note the law of the path obtained by piecing together two independent
P0
3B
-process up to their first hitting time to x (the second one runs back-
ward in time). These measures may be all considered to be defined on
(E ,E ). For e ∈ E letM(e)=maxt≥0 e(t ) denote the maximum of e and let
ζ(e) = inf{t > 0 : e(t ) = 0} denote the lifetime of e , with the convention
that inf;=∞.
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(i) We have nBE(M = 0)= 0 and for every bounded continuous func-
tional F on E supported by {M > x} for some x > 0,
nBE(F )= lim
ǫ→0+
1
ǫ
QǫBM(F ).
(ii) Under nBE the excursion process e = {e(t )}t≥0 is a strong Markov
process with transition kernel Qx
BM
(e(t ) ∈ dy) and entrance law
1
x
P0
3B
(e(t ) ∈ dx). In particular for each positive stopping time τ
and every measurable set Γ,
nBE(e(τ+·) ∈ Γ)=
∫
(0,∞)
1
x
P03B(e(τ)∈ dx)QxBM(Γ).
(iii) For every measurable set Γ,
nBE(Γ)=
∫∞
0
Wx3B(Γ)
dx
x2
.
This means that nBE(M ∈ dx)= dxx2 and the law of nBE conditioned
onM = x is Wx
3B
.
(iv) For every measurable set Γ,
nBE(Γ)=
∫∞
0
P03B(et ∈Γ |e(t )= 0)p3B(t ,0,0)dt .
Here et (·) = e(t ∧·) is the path of e stopped at t , and p3B(t ,0,0)=
(2πt )−
3
2 is obtained from the transition probability density p3B(t ,x, y)
of Px
3B
with respect to its speedmeasure y2dy evaluated at x = y =
0. Since P0
3B
(ζ(e) = t |e(t ) = 0) = 1, this description means that
nBE(ξ ∈ dt )= p3B(t ,0,0)dt and the law of nBE conditioned on ζ= t
is P0
3B
(et ∈ ·|e(t )= 0).
2.2. Gaussian multiplicative chaos and Liouville quantum gravity. Let
D ⊂ Rk be a domain. Let K (x, y) be a nonnegative definite kernel of the
form
− log |x− y |+ g (x, y),
where g is continuous over D×D. Let
M+ =
{
σ-finite measure ρ on D with
∫
D
∫
D
K (x, y)ρ(dx)ρ(dy)<∞
}
and letMbe the set of the signedmeasures of the form ρ= ρ+−ρ−, where
ρ+,ρ− ∈M+. Let h = {h(ρ)}ρ∈M be a centered Gaussian process indexed
byMwith covariance function
Cov(h(ρ),h(ρ′))=
∫
D
∫
D
K (x, y)ρ(dx)ρ′(dy).
The process h is called a Gaussian field on D with covariance kernel K .
Let θ be a smooth mollifier and for ǫ> 0 let θǫ(x)= ǫ−kθ(x/ǫ). Let hǫ(x)=
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h∗θǫ(x) be the smooth approximation of h. Then for ǫ> 0 wemay define
a randommeasure
µγ,ǫ(dx)= eγhǫ(x)−
γ2
2 E(hǫ(x))dx, x ∈D,
where γ ≥ 0 is a given parameter. When γ <
p
2k, the sequence of mea-
sures µγ,ǫ converges weakly in probability to a limitingmeasure µγ called
a Gaussianmultiplicative chaosmeasure onD (See [7] for example for an
elementary proof).
Here we shall focus on the case when D = H is the upper half-plane
and consider the boundary Liouville measures on R defined as follows:
let g (x, y) = − log |x − y¯ |, then h = hf is the Gaussian free field on H with
Neumann boundary conditions. For x ∈ R and ǫ > 0 let ρx,ǫ denote the
Lebesgue measure on the semi-circle {y ∈H : |y − x| = ǫ} in H normalized
to have mass 1. Let γ ∈ [0,
p
2) be fixed. For n ≥ 1 define
νn(dx)= 2−n
γ2
2 e
γp
2
hf(ρx ,2−n )dx, x ∈R.
Then almost surely νn converge weakly to a non-trivialmeasure ν as n→
∞. The measure ν is called the boundary Liouville measure on R with
parameter γ.
2.3. One-dimensional Liouville Brownian motion. We assume that the
GFF h and the Brownian motion are independent of each other. Let ν be
an instance of the boundary Liouville measure on R with parameter γ as
constructed in Section 2.2. Define
Aν(t )=
∫
R
L(t ,x)ν(dx), t ≥ 0.
Then Aν = {Aν(t )}t≥0 forms an additive functional of the Brownian mo-
tion. Let
τν(t )= inf{s ≥ 0 : Aν(s)> t }, t ≥ 0
be its right-continuous inverse. For w ∈W let
wν(t )=w(τν(t )), t ≥ 0
denote the time-change of w by τν. Define a probability measure onW
by
Pxν(·)=PxBM(wν ∈ ·).
Then Pxν is the law of the one-dimensional Liouville Brownian motion
with respect to the boundary Liouville measure ν. In other words, one-
dimensional Liouville Brownian motion is a generalized linear diffusion
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process on R with natural scale function and speed measure ν. Its joint-
continuous transition density pν(t ;x, y) is given by
Pxν(w(t ) ∈B)=
∫
B
pν(t ;x, y)ν(dy)
for t > 0, x ∈ R and B ∈ B(R). The process {Lν(t ,x) = L(τν(t ),x)}t≥0,x∈R
is the joint-continuous local time of the Liouvile Brownianmotion under
P0ν, that is, for any bounded continuous function f on R one has∫t
0
f (w(s))ds = 2
∫
R
f (y)Lν(t ,x)ν(dx)
for P0ν-almost every w ∈W .
2.4. Liouville Brownian excursion. Fix a ∈R. For x ≥ 0 denote by
mν,a,+(x)= ν([a,a+x]) andmν,a,−(x)= ν([a−x,a]).
Define
Aν,a,±(t )=
∫
(0,∞)
L(t ,a±x)dmν,a,±(x), t ≥ 0.
Then Aν,a,± forms an additive functional of the Brownianmotion. Let
τν,a,±(t )= inf{s ≥ 0 : Aν,a,±(s)> t }, t ≥ 0
be the right-continuous inverse of Aν,a,±. For w ∈W let
wν,a,±(t )=w(τν,a,±(t )), t ≥ 0
be the time change of w by τν,a,±. For x > 0 define a probability measure
onW by
Pxν,a,±(·)=Pa±xBM (±(wν,a,±−a) ∈ ·).
We shall also use the samenotation L(t ,x) to denote the joint-continuous
version of the local time of the Brownian motion/excursion under Qx
BM
,
Px
3B
, Wx
3B
and nBE on E . For e ∈ E let
Aν,a,±(t )=
∫
(0,∞)
L(t ,x)dmν,a,±(x), t ≥ 0,
and
τν,a,±(t )=
{
inf{s ≥ 0 : Aν,a,±(s)> t } if 0≤ t < Aν,a,±(ζ);
ζ if t ≥ Aν,a,±(ζ),
as well as
eν,a,±(t )= e(τν,a,±(t )), t ≥ 0.
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Define the measures on E by
Qxν,a,±(·)=QxBM(eν,a,± ∈ ·),
Qxh-ν,a,±(·)=Px3B(eν,a,± ∈ ·),
Wxν,a,±(·)=WxBM(eν,a,± ∈ ·),
nν,a,±(·)=nBE(eν,a,± ∈ ·).
We have
(1) Pxν,a,± is the law of the generalized linear diffusion with natural
scale function and speedmeasure dmν,a,±(x) on R+ starting from
x and with 0 as an instantaneously reflecting boundary.
(2) Qxν,a,± is the law of the generalized linear diffusion with natural
scale function and speedmeasure dmν,a,±(x) on R+ starting from
x and absorbed at 0.
(3) Qx
h-ν,a,± is the law of the generalized linear diffusion with natu-
ral scale function and speed measure dmν,a,±(x) on R+ starting
from x and conditioned never hit 0. Indeed Qx
h-ν,a,± is Doob’s h-
transform of Qxν,a,± with h(x) = x. It is therefore the law of the
generalized linear diffusionwith speedmeasure x2dmν,a,±(x) and
scale function−1/x.
(4) Wxν,a,± is the law of the following process: consider two indepen-
dent Q0
h-ν,a,±-processes until they first hit x and splice the two
paths together (the second one runs backward in time).
Finally, by applying [13, Theorem 2.5], we have the following descrip-
tions of the Ito’s excursionmeasure nν,a,±.
Theorem 2.1.
(i) We have nν,a,±(M = 0)= 0 and for every bounded continuous func-
tional F on E supported by {M > x} for some x > 0,
nν,a,±(F )= lim
ǫ→0+
1
ǫ
Qǫν,a,±(F ).
(ii) Undernν,a,± the excursion process {e(t )}t≥0 is a strongMarkov pro-
cess with the transition kernel Qxν,a,±(e(t ) ∈ dy) and the entrance
law 1
x
Q0
h-ν,a,±(e(t ) ∈ dx). In particular for each positive stopping
time τ and every measurable set Γ,
nν,a,±(e(τ+·) ∈ Γ)=
∫
(0,∞)
1
x
Q0h-ν,a,±(e(τ)∈ dx)Qxν,a,±(Γ).
(iii) For every measurable set Γ,
nν,a,±(Γ)=
∫∞
0
Wxν,a,±(Γ)
dx
x2
.
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This means that nν,a,±(M ∈ dx) = dxx2 and the law of nν,a,± condi-
tioned on M = x is Wxν,a,±.
3. SPECTRAL REPRESENTATION OF LIOUVILLE BROWNIAN MOTION AND
LIOUVILLE BROWNIAN EXCURSION
3.1. Krein’s spectral theory of strings. This section is based on [19]. Let
M be the set of non-decreasing right-continuous functionsm : [0,∞] 7→
[0,∞] withm(0−) = 0 andm(∞) =∞. Eachm ∈M represents the mass
distribution of a string. For m ∈M let l = sup{x ≥ 0 :m(x) <∞} denote
the length of m. For λ ∈ C let ϕ(x,λ) and ψ(x,λ) be the unique solution
of the following integral equations on [0, l ) respectively:
ϕ(x,λ) = 1+λ
∫
(0,x]
(x− y)ϕ(y,λ)dm(y);
ψ(x,λ) = x+λ
∫
(0,x]
(x− y)ψ(y,λ)dm(y).
The functionsϕ andψ have the following explicit expressions: let
ϕ0(x)= 1; ϕn+1(x)=
∫
(0,x]
(x− y)ϕn(y)dm(y) for n ≥ 0,
ψ0(x)= x; ψn+1(x)=
∫
(0,x]
(x− y)ψn(y)dm(y) for n ≥ 0,
then
ϕ(x,λ)=
∞∑
n=0
ϕn(x)λ
n ; ψ(x,λ)=
∞∑
n=0
ψn(x)λ
n .
For each fixed x ∈ [0, l ), φ(x, ·) and ψ(x, ·) are real entire functions, i.e.,
they are entire functions of λ and they take real values if λ ∈R. Set
h(λ)=
∫l
0
dx
ϕ(x,λ)2
= lim
x↑l
ψ(x,λ)
ϕ(x,λ)
.
The function h is called Krein’s correspondence of the stringm.
Let H be the set of functions h : (0,∞) 7→ C such that h(λ) can be ex-
tended to a homomorphic function on C \ (−∞,0] such that Imh(λ) ≤ 0
for λ ∈ C with Imλ > 0 and h(λ) > 0 for λ > 0. Introduce the topology
on M such thatmn 7→m if and only ifmn(x) 7→m(x) on every continu-
ous point of m, and the topology on H such that hn 7→ h if and only if
hn(λ) 7→ h(λ) for every λ> 0.
Theorem 3.1 (Krein’s correspondence). M and H are compact metric
spaces and Krein’s correspondence m ∈M ↔ h ∈H defines a homeomor-
phism. Moreover, h ∈H has a unique representation
h(λ)= c+
∫
[0,∞)
σ(dξ)
λ+ξ ,
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where c = inf{x > 0 :m(x) > 0} and σ is a non-negative Borel measure on
[0,∞)with ∫(0,∞) σ(dξ)1+ξ <∞.
The unique Borel measureσ is called the spectral measure ofm. From
the functional analysis point of view, σ is the unique measure on [0,∞)
such that for f ∈ L2([0, l ),dm),
‖ f ‖L2([0,l ),dm) = ‖ fˆ ‖L2([0,∞),σ),
where
fˆ (λ)=
∫l
0
f (x)ϕ(x,λ)dm(x)
is the generalized Fourier transform.
Note that the right-continuous inversem∗ : t ≥ 0 7→ inf{x > 0 :m(x)> t }
also belongs to M with length l∗ =m(∞−). It is called the dual string of
m. Its Krein’s correspondence is given by h∗(λ) = 1
λh(λ)
, which also has a
unique representation
h∗(λ)= c∗+
∫
[0,∞)
σ∗(dξ)
λ+ξ ,
where c∗ =m(0) and σ∗ is a non-negative Borel measure supported on
[0,∞) with ∫(0,∞) σ∗(dξ)1+ξ <∞. The measure σ∗ is called the spectral mea-
sure of the dual string ofm.
3.2. Spectral representation of Liouville Brownian motion. Through-
out this Section and Section 3.3 let ν be a Borel measure on R satisfying
(A1) νhas no atoms; 0< ν([a,b])<∞ for all−∞< a < b <∞; ν([0,x])→
∞ and ν([−x,0])→∞ as x→∞.
In particular an instance of the boundary Liouville measure constructed
in Section 2.2 satisfies (A1).
Let Mc ⊂M be the set of functionsm : [0,∞] 7→ [0,∞] that are contin-
uous, strictly increasing functions withm(0)= 0 and sup{x :m(x)<∞}=
∞. For x ≥ 0 definemν,+(x) = ν([0,0+ x]) andmν,−(x) = ν([−x,0]). Then
by (A1) bothmν,+ andmν,− belong toMc . Letϕν,±(x,λ) andψν,±(x,λ) be
the unique solutions of the integral equations
ϕν,±(x,λ) = 1+λ
∫
(0,x]
(x− y)ϕν,±(y,λ)dmν,±(y);
ψν,±(x,λ) = x+λ
∫
(0,x]
(x− y)ψν,±(y,λ)dmν,±(y),
and let
hν,±(λ)=
∫∞
0
dx
ϕν,±(x,λ)
= lim
x→∞
ψν,±(x,λ)
ϕν,±(x,λ)
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be the Krein’s correspondence ofmν,±. Let σν,± be the spectral measure
of mν,±, that is the unique non-negative Borel measure on [0,∞) with∫
(0,∞)
σν,±(dξ)
1+ξ <∞ such that
hν,±(λ)=
∫∞
0
σν,±(dξ)
λ+ξ .
Let hν be the Krein’s correspondence ofmν =mν,++mν,−, which satisfies
1
hν(λ)
= 1
hν,+(λ)
+ 1
hν,−(λ)
.
Let σν be the spectral measure of mν, that is the unique non-negative
Borel measure on [0,∞) with ∫(0,∞) σν(dξ)1+ξ <∞ such that
hν(λ)=
∫∞
0
σν(dξ)
λ+ξ .
Define
ϕν(x,λ)=
{
ϕν,+(x,λ) if x ≥ 0;
ϕν,−(−x,λ) if x < 0;
ψν(x,λ)=
{
ψν,+(x,λ) if x ≥ 0;
−ψν,−(−x,λ) if x < 0.
For λ> 0 the λ-resolvent operatorGλν of the LBM is defined as
Gλν f (x)=Exν
(∫∞
0
e−λt f (w(t ))dt
)
for any bounded continuous function f on R. We have the following
spectral representation:
Gλν f (x)=
∫
R
gλν (x, y) f (y)ν(dy),
where the λ-resolvent kernel gλν (x, y) is given by
gλν (x, y)= hν(λ)(ϕν(x,λ)+hν,+(λ)−1ψν(x,λ))(ϕν(y,λ)−hν,−(λ)−1ψν(y,λ)).
Many probabilistic quantities of the LBM are related to the λ-resolvent
kernel gλν (x, y). For example
(i) It is the Laplace transform of the transition density pν(t ;x, y):
gλν (x, y)=
∫∞
0
e−λtpν(t ;x, y)dt .
(ii) The right-continuous inverse of the local time ℓν,0(t ) = inf{s ≥ 0 :
Lν(s,0) > t } at 0 is a Lévy subordinator, whose Lévy exponent is
given by
E0ν
(
e−λℓν,0(t)
)
= e−t/gλν (0,0) = e−t/hν(λ).
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(iii) For a ∈ R let Ha = inf{t > 0 :w(t )= a} denote the first hitting time
at a. Then for a,b ∈R we have
Eaν(e
−λHb )= g
λ
ν (a,b)
gλν (b,b)
.
3.3. Spectral representation of Liouville Brownian excursion. Fix a ∈R.
Recall the stringsmν,a,+(x)= ν([a,a+ x]) andmν,a,−(x)= ν([a− x,a]) for
x ≥ 0. Note that bothmν,a,+ andmν,a,− belong toMc . Letϕν,a,±(x,λ) and
ψν,a,±(x,λ) be the unique solutions of the integral equations
ϕν,a,±(x,λ) = 1+λ
∫
(0,x]
(x− y)ϕν,a,±(y,λ)dmν,a,±(y);
ψν,a,±(x,λ) = x+λ
∫
(0,x]
(x− y)ψν,a,±(y,λ)dmν,a,±(y),
and let
hν,a,±(λ)=
∫∞
0
dx
ϕν,a,±(x,λ)
= lim
x→∞
ψν,a,±(x,λ)
ϕν,a,±(x,λ)
be the Krein’s correspondence of mν,a,±. Let σν,a,± be the spectral mea-
sure ofmν,a,±. Letm∗ν,a,± : t ≥ 0 7→ inf{s ≥ 0 :mν,a,±(s)> t } denote the dual
string ofmν,a,± and let h∗ν,a,± denote its Krein’s correspondence. We have
h∗ν,a,±(λ)=
1
λhν,a,±(λ)
.
Let σ∗ν,a,± be the spectral measure ofm
∗
ν,a,±. We have the following spec-
tral representations of LBMwith different boundary conditions:
(1) Let pν,a,±(t ;x, y) be the joint-continuous transition density of the
generalized linear diffusion with natural scale function and speed
measure dmν,a,±(x) on R+, and with 0 as an instantaneously re-
flecting boundary, that is, for t > 0, x, y ∈ [0,∞) and B ∈B(R+)
Pxν,a,±(w(t ) ∈B)=
∫
B
pν,a,±(t ;x, y)dmν,a,±(y).
Then
pν,a,±(t ;x, y)=
∫
(0,∞)
e−tλϕν,a,±(x,−λ)ϕν,a,±(y,−λ)σν,a,±(dλ).
The associated λ-resolvent kernel gλν,a,±(x, y) is given by
gλν,a,±(x, y)=
∫
(0,∞)
e−tλpν,a,±(t ;x, y)dt
=
∫
(0,∞)
ϕν,a,±(x,−ξ)ϕν,a,±(y,−ξ)
λ+ξ σν,a,±(dξ).
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(2) Let qν,a,±(t ;x, y) be the joint-continuous transition density of the
generalized linear diffusion with natural scale function and speed
measure dmν,a,±(x) on R+, and with 0 as an absorbing boundary,
that is, for t > 0, x, y ∈ (0,∞) and B ∈B(R+),
Qxν,a,±(e(t )∈ B)=
∫
B
qν,a,±(t ;x, y)dmν,a,±(y).
Then
qν,a,±(t ;x, y)=
∫
(0,∞)
e−tλψν,a,±(x,−λ)ψν,a,±(y,−λ)λσ∗ν,a,±(dλ).
The associated λ-resolvent kernel gˆλν,a,±(x, y) is given by
gˆλν,a,±(x, y)=
∫
(0,∞)
e−tλqν,a,±(t ;x, y)dt
=
∫
(0,∞)
ψν,a,±(x,−ξ)ψν,a,±(y,−ξ)
λ+ξ ξσ
∗
ν,a,±(dξ).
(3) Let qh-ν,a,±(t ;x, y) be the joint-continuous transition density of
the generalized linear diffusion with natural scale function and
speed measure dmν,a,±(x) on R+, and conditioned never hit 0,
that is, for t > 0, x, y ∈ (0,∞) and B ∈B(R+),
Qxh-ν,a,±(e(t )∈ B)=
∫
B
qh-ν,a,±(t ;x, y)dmν,a,±(y).
Then
qh-ν,a,±(t ;x, y)=
qν,a,±(t ;x, y)
xy
=
∫
(0,∞)
e−tλ
ψν,a,±(x,−λ)
x
ψν,a,±(y,−λ)
y
λσ∗ν,a,±(dλ).
The associated λ-resolvent kernel g˜λν,a,±(x, y) is given by
g˜λν,a,±(x, y)=
∫
(0,∞)
e−tλqh-ν,a,±(t ;x, y)dt
=
∫
(0,∞)
ψν,a,±(x,−ξ)ψν,a,±(y,−ξ)
xy(λ+ξ) ξσ
∗
ν,a,±(dξ).
(4) The partial derivative of qν,a,±(t ;x, y) at y = 0,
πν,a,±(t ;x)= lim
y→0+
qν,a,±(t ; ,x, y)
y
=
∫
(0,∞)
e−tλψν,a,±(x,−λ)λσ∗ν,a,±(dλ),
is the density of the first hitting time H0 = inf{t > 0 : w(t ) = 0}
under Qxν,a,±, that is
Qxν,a,±(H0 ∈ dt )=πν,a,±(t ;x)dt .
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In particular
Qxν,a,±(H0 > t )=
∫∞
0
e−tλπν,a,±(t ;x)σ∗ν,a,±(dλ).
It also defines an entrance law: for t , s > 0 and y ∈ (0,∞),∫
(0,∞)
πν,a,±(t ;x)qν,a,±(s;x, y)dmν,a,±(x)=πν,a,±(t + s; y).
(5) For t > 0 letGt = sup{s ≤ t :w(s)= 0} andD t = inf{s ≥ t :w(s)= 0}.
Then for u < t < v and x > 0,
P0ν,a,±(Gt ∈ du,w(t ) ∈ dx,D t ∈ dv)
= pν,a,±(u;0,0)πν,a,±(t −u;x)πν,a,±(v − t ;x)dudvdmν,a,±(x).
(6) The partial derivative of πν,a,±(t ;x) at x = 0,
nν,a,±(t )= lim
x→0+
πν,a,±(t ;x)
x
=
∫
(0,∞)
e−tλλσ∗ν,a,±(dλ),
is the density of the Lévymeasure of the Lévy subordinator {ℓν,a,±(t ) :=
inf{s ≥ 0 : L(τν,a,±(s),0)> t }}t≥0 under P0ν,a,±, that is
E0ν,a,±(e
−λℓν,a,±(t))= e−t/hν,a,±(λ),
where the Lévy exponent 1/hν,a,±(λ) takes the form
1
hν,a,±(λ)
=
∫∞
0
(1−e−tλ)nν,a,±(t )dt .
Let Q0,t ,0ν,a,± denote the law of the Q
0
h-ν,a,±-process pinned at 0 with life-
time t . Alternatively Q0,t ,0ν,a,± is the weak limit of the law of the Markovian
bridge Q
x,t ,y
ν,a,± as y → 0+, x → 0+ (see [12] for example). By applying the
results in [28, 25], we have the following spectral representation of the
Ito’s excursion measure nν,a,±.
Theorem 3.2. The Ito’s excursion measure nν,a,± has the following repre-
sentation:
nν,a,±(de)=
∫∞
0
nν,a,±(ζ ∈ dt )Q0,t ,0ν,a,±(de),
where the law of the lifetime ζ under nν,a,± is equal to the Lévy measure of
ℓν,a,±:
nν,a,±(ζ ∈ dt )= nν,a,±(t )dt .
Moreover, we have the following finite dimensional distribution: for 0 <
t1 < t2 < ·· · < tn and xi > 0, i = 1, . . . ,n,
nν,a,±(e(t1) ∈ dx1,e(t2) ∈ dx2, . . . ,e(tn) ∈ dxn)
=πν,a,±(t1;x1)dmν,a,±(x1)qν,a,±(t2− t1;x1,x2)dmν,a,±(x2)
×·· ·×qν,a,±(tn − tn−1;xn−1,xn)dmν,a,±(xn).
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In particular
nν,a,±(e(t ) ∈ dx)=πν,a,±(t ;x)dmν,a,±(x),
and it holds that
nν,a,±(ζ> t )=
∫∞
0
nν,a,±(e(t )∈ dx)=
∫∞
0
πν,a,±(t ;x)dmν,a,±(x).
Remark 3.1. Note that nν,a,±(ζ> t ) also has the expression
nν,a,±(ζ> t )=
∫∞
t
nν,a,±(s)ds =
∫∞
0
e−λtσ∗ν,a,±(dt ).
This yields the identity (see [25, Proposition 3])∫t
0
pν,a,±(u;0,0)du
∫∞
t−u
nν,a,±(v)dv = 1.
Recall that Hx = inf{t > 0 : w(t ) = x} is the first hitting time to x and
denote by Hx = sup{t > 0 : w(t ) = x} the last exit time from x. Let (·)∨
denote the time reverse operator on E0 = {e ∈ E : e(0) = 0}, that is, for
e ∈ E0,
e∨(t )= e((ζ− t )+), t ≥ 0.
Let E 0 denote the Borel σ-field of E0 and let E 0
(0,Ha )
, E 0
(Ha ,Ha )
and E 0
(Ha ,ζ)
denote the sub σ-fields with respect to the corresponding time intervals
(see [28] for more precise definitions). Let θt (w)(·) = w(t + ·) denote the
left-shift operator. We have the following time reverse and first-entrance-
last-exit decomposition of the excursionmeasure nν,a,± from [28].
Theorem 3.3.
(i) For Γ ∈ E 0 one has
nν,a,±(Γ∨)=nν,a,±(Γ).
(ii) For x > 0 and Γ1 ∈ E 0(0,Hx ), Γ2 ∈ E
0
(Hx ,Hx )
, Γ3 ∈ E 0(Hx ,ζ) one has
nν,a,±(Γ1∩Γ2∩Γ3)=
1
x
P0h-ν,a,±(Γ1)Q
x
ν,a,±(θHx (Γ2))P
0
h-ν,a,±(Γ
∨
3 ).
In particular
nν,a,±({Hx ∈ dt1}∩ {Hx −Hx } ∈ dt2}∩ {ζ−Hx } ∈ dt3)
=1
x
P0h-ν,a,±(Hx ∈ dt1)Qxν,a,±(Ha ∈ dt2)P0h-ν,a,±(Hx ∈ dt3).
Consequently, nν,a,±(Hx ∈ dt )= 1x P0h-ν,a,±(Hx ∈ dt ) and
nν,a,±(e−λHx )=
1
x
P0h-ν,a,±(e
−λHx )= 1
ψν,a,±(x,λ)
.
SPECTRAL REPRESENTATION OF LIOUVILLE BROWNIAN MOTION 15
4. PROBABILISTIC ASYMPTOTIC BEHAVIOURS OF LIOUVILLE BROWNIAN
MOTION AND LIOUVILLE BROWNIAN EXCURSIONS
As an application of the spectral representation in Section 3.2 and 3.3,
we shall study the probabilistic asymptotic behaviours of LBM and LBE.
Throughout this section let ν be a Borel measure on R satisfying (A1) as
well as
(A2) Ergodicity: There exists a positive constant Z such that for every
a ∈R,
(4.1) lim
η→∞
ν[a,a+η]
η
= lim
η→∞
ν[a−η,a]
η
= Z .
(A3) Multifractality: There exists an open interval Iν, a family {νq : q ∈
Iν} of Borel measures on R and a family {α(q) : q ∈ Iν} of positive
reals such that for q ∈ Iν, for νq-almost every a ∈R,
(4.2) lim
r→0
1
logr
logν(a− r,a+ r )=α(q).
Many stationary multifractal randommeasures have these properties,
for example the log-infinitely divisible cascade measures constructed in
[4, 2]. In particular, an instance of the boundary Liouville measure con-
structed in Section 2.2 satisfies (A2) and (A3):
(1) Since the boundary Liouville measure ν is a stationary positive
measure on R, that is ν(x+·) has the same law as ν(·) for any x ∈R
and ν(I ) > 0 for any open interval I , by Birkhoff ergodic theory
there exists a positive random variable Z with finite mean such
that almost surely for every a ∈R,
lim
η→∞
ν[a,a+η]
η
= lim
η→∞
ν[a−η,a]
η
= Z .
(2) For q ∈ (−
p
2
γ
,
p
2
γ
) let νq be the boundary Liouville measure with
parameter qγ defined via the same GFF h as ν. In particular ν0 is
the Lebesgue measure on R and ν1 = ν. By the multifractal anal-
ysis of ν (see [5], see also [23, Theorem 4.1] for a direct proof for
positive q) we have that almost surely for νq-almost every a ∈R,
lim
r→0
1
logr
logν(a− r,a+ r )= 1+ (1
2
−q)γ
2
2
.
As the first application we have the following theorem on the fractal
dimensions of the level sets of LBM. For a ∈ R denote bymν,a =mν,a,++
mν,a,− and let
Vν,a(r )=
∫r
0
mν,a(x)dx, r ≥ 0.
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Let hν,a be the Krein’s correspondence ofmν,a , which satisfies
1
hν,a(λ)
= 1
hν,a,+(λ)
+ 1
hν,a,−(λ)
.
From [19] we have for η> 0
(4.3)
1
4
hν,a(1/η)≤ (Vν,a)−1(η)≤ 64hν,a(1/η).
Theorem 4.1. For νq-almost every a ∈R, for Paν-almost every w ∈W ,
dimH {t ≥ 0 :w(t )= a}= dimP {t ≥ 0 :w(t )= a}=
1
1+α(q) .
Proof. By (4.2), for νq-almost every a ∈R for every ǫ> 0 there exists ra,ǫ >
0 such that
rα(q)+ǫ ≤ ν(a− r,a+ r ) ≤ rα(q)−ǫ, ∀r ≤ ra,ǫ.
This implies that
(4.4)
1
1+α(q)+ǫr
1+α(q)+ǫ ≤Vν,a(r )≤
1
1+α(q)−ǫr
1+α(q)−ǫ, ∀r ≤ ra,ǫ.
Equivalently for η> 0 small enough
(1+α(q)−ǫ)
1
1+α(q)−ǫη
1
1+α(q)−ǫ ≤ (Vν,a)−1(η)≤ (1+α(q)+ǫ)
1
1+α(q)+ǫη
1
1+α(q)+ǫ .
By (4.3) we deduce that there exist constants 0 < ca,ǫ,Ca,ǫ <∞ such that
for λ large enough,
(4.5) ca,ǫλ
− 11+α(q)−ǫ ≤ hν,a(λ)≤Ca,ǫλ−
1
1+α(q)+ǫ .
The local time Lν(t ,a) = L(τν(t ),a) at a is carried by the level set {t ≥
0 : w(t ) = a} for Paν-almost every w ∈W and its the right-continuous in-
verse ℓν,a(t ) := inf{s ≥ 0 : Lν(s,a) > t } is a Lévy subordinator, whose Lévy
exponent is given by
Eaν(e
λℓν,a(t))= e−t/hν,a (λ).
By the general theory of fractal dimensions of images of Lévy subordina-
tor (see [9, Chapter 5] for example), we have for Paν-almost every w ∈W ,
dimH {t ≥ 0 :w(t )= a}= liminf
λ→∞
− loghν,a(λ)
logλ
;
dimP {t ≥ 0 :w(t )= a}= limsup
λ→∞
− loghν,a(λ)
logλ
.
By (4.5) with ǫ→ 0 we get for Paν-almost every w ∈W ,
dimH {t ≥ 0 :w(t )= a}= dimP {t ≥ 0 :w(t )= a}=
1
1+α(q) .

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Remark 4.1. Theorem 4.1 is linked to work [16] of Jackson on the Haus-
dorff dimension of the times that planar LBM spent on the thick points of
the correspondingGaussian free field. Theorem4.1 estimates the size of the
times that one-dimensional LBM spent at νq-almost every a, whereas [16]
estimates the size of planar LBM spent in the support of µγ. So, roughly
speaking, Theorem 4.1 can be considered as a fiber version of the result in
[16] in dimension 1. Since in dimension 2 there does not exist the local
time of BM/LBM at a given point, it seems difficult to derive an analogue
of Theorem 4.1 in dimension two.
As the second applicationwe shall estimate the asymptotic behaviours
of the transition density pν(t ;a,a) at a given point a ∈ R. First note that
pν(t ;a,a) has the following spectral representation:
pν(t ;a,a)=
∫∞
0
e−tλσν,a(dλ),
whereσν,a be the spectralmeasure ofmν,a, that is the uniquenon-negative
Borel measure on [0,∞) with ∫(0,∞) σν,a(dξ)1+ξ <∞ such that
hν,a(λ)=
∫∞
0
σν,a(dξ)
λ+ξ .
This yields the following lemma of Tomisaki [26].
Lemma 4.1. Let φ be a positive and non-increasing function on (0,δ) for
some δ> 0. Then∫δ
0
φ(t )pν(t ;a,a)dt <∞⇔
∫(Vν,a)−1(δ)
0
φ(Vν,a(x))dx <∞.
We have the following result on the short term behaviour of pν(t ;a,a).
Theorem 4.2. For νq-almost every a ∈R, for any β> 11+α(q) ,∫
0+
t−βpν(t ;a,a)dt =∞,
and for any β< 1
1+α(q) , ∫
0+
t−βpν(t ;a,a)dt <∞.
In particular
(4.6) liminf
t→0
logpν(t ;a,a)
− log t ≤ 1−
1
1+α(q) ≤ limsupt→0
logpν(t ;a,a)
− log t .
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Proof. As a direct consequence of Lemma 4.1 and (4.4) we have that for
any β> 1
1+α(q) , ∫
0+
t−βpν(t ;a,a)dt =∞,
and for any β< 1
1+α(q) , ∫
0+
t−βpν(t ;a,a)dt <∞,
which implies (4.6). 
Remark 4.2. By using Tauberian theorem it can be shown that ifν(a−r,a+
r ) is a regular varying function of r as r → 0 then the inequalities in (4.6)
become an equality, see [3] for example for the case when ν is a Bernoulli
measure on [0,1]. However due to the multifractal nature of GMC mea-
sures, it is the case that for νq almost every a, ν(a− r,a+ r ) is not regular
varying as r → 0. So it is not clear whether the limit in (4.6) exists.
Remark 4.3. The short term behavior (4.6) is quite different comparing to
[24, Corollary 2.1]. The reason is that in [24] the one-dimensional Liouville
Brownian motion is defined as a linear diffusion with scale function mν
and speedmeasuredx, and the corresponding transition density p∗(t ;x,x)
is defined with respect to ν(dx) rather than dx. Therefore by change of
variables it is straightforward to verify that for every x ∈R,
lim
t→0
− logp∗(t ;x,x)
log t
= 1
2
.
We also have the following long term behaviour of pν(t ;a,a).
Theorem 4.3. For every a ∈R,
lim
t→∞
p
2πtpν(t ;a,a)=
1p
Z
.
Proof. By the ergodicity (4.1), for each x ≥ 0 we have
m
(η)
ν,a,±(x) :=
1
ηZ
mν,a,±(ηx)→ x as η→∞.
By change of variables it is easy to see that for constants η,ξ > 0 one has
the following relation of the Krein’s correspondence:
ξ
η
m(
x
η
)↔ ξh(ηλ).
Since Krein’s correspondence is a homeomorphism, whenm
(η)
ν,a,±(x)→ x
as η→∞ for each x ≥ 0, the corresponding generalized linear diffusion
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process converges in law to one-dimensional Brownianmotion. This im-
plies that
lim
η→∞ηZpν(tη
2Z ;a,a)= pBM(t ;a,a)=
1p
2πt
In other words,
lim
t→∞
p
2πtpν(t ;a,a)=
1p
Z
.

In the third applicationwe shall study the first hitting/exit time of LBM.
For a ∈ R recall that Ha = inf{t > 0 :w(t )= a} is the first hitting time at a.
We have
Theorem 4.4. For a 6= 0we have
lim
t→∞
p
2πtP0ν(Ha ≥ t )= |a|Z .
Proof. Since
lim
η→∞
ν[0,η]
η
= lim
η→∞
ν[−η,0]
η
= Z ,
the result is a direct application of [27, Theorem 4] with α= 1
2
and K (x)=
Z . 
Remark 4.4. Theorem4.3and 4.4 suggest that in long termone-dimensional
LBM behaves exactly like one-dimensional Brownian motion.
For a < 0< b let
Ha,b = inf{t > 0 :w(t ) 6∈ (a,b)}=Ha ∧Hb
denote the first exit time from (a,b). Define
Cν,a,b =
1
b−a
∫b
a
(b−x)(x−a)ν(dx).
Then we have
Theorem 4.5. If λ< 1/Cν,a,b , then
E0ν(e
λHa,b )<∞.
Proof. This can be easily deduced by using the Kac formula: for n ≥ 1,
E0ν(H
n
a,b)= n
∫b
a
(b−x∨0)(x∧0−a)
b−a E
x
ν(H
n−1
a,b )ν(dx)= n!Gnν1(0),
whereGν is the Green operator
Gν f (x)=
∫b
a
(b− y ∨x)(y ∧x−a)
b−a f (y)ν(dy).
See [20, Lemma 1.3] for example. 
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Theorem 4.5 indicates that A = − d
dν
d
dx
, as a self-adjoint, non-negative
definite operator on the Hilbert space L2((a,b),ν), has a spectra gap. In-
deed let λν,a,b denote the smallest eigenvalue of A on L
2((a,b),ν), and
denote by
C˜ν,a,b = sup
x∈(a,0]
(x−a)ν((x,0])∨ sup
x∈[0,b)
(b−x)ν([0,x)).
Then we have the following result of Katoni [19, Theorem 3, Appendix I]
as an extension of the theorem of Kac and Krein [17].
Theorem 4.6.
C˜ν,a,b ≤λ−1ν,a,b ≤ 4C˜ν,a,b .
In the last application we study the asymptotic behaviours of the life-
time of LBE. Recall that nν,a,±(t ) is the density of the inverse local time
ℓν,a,±, which is also the density of the lifetime ζ under the excursionmea-
sure nν,a,±, that is
nν,a,±(ζ ∈ dt )= nν,a,±(t )dt .
First we present the asymptotic behaviour of nν,a,±(ζ> t ) as t→∞.
Theorem 4.7. For a ∈Rwe have
lim
t→∞2
√
2πt3nν,a,±(t )=
1p
Z
.
Consequently
lim
t→∞
p
2πtnν,a,±(ζ> t )=
1p
Z
.
Proof. Similar as in the proof of Theorem 4.3, for each x ≥ 0,
m
(η)
ν,a,±(x) :=
1
ηZ
mν,a,±(ηx)→ x as η→∞.
This implies that the generalized diffusion process on R+ with natural
scale function and speed measure dm
(η)
ν,a,±(x), and with 0 as an instan-
taneously reflecting boundary converges in law to the one-dimensional
reflected Brownian motion as η→∞. Therefore the corresponding local
time
ℓ
(η)
ν,a,±(t ) :=
1
η2Z
ℓν,a,±(tη)
converges in law to the 1
2
-stable Lévy subordinator as η→∞. Since
E0ν,a,±
(
e
−λ 1
η2Z
ℓν,a,±(tη)
)
=exp
(
−tη
∫∞
0
(1−e−sλ
1
η2Z )nν,a,±(s)ds
)
=exp
(
−t
∫∞
0
(1−e−uλ)η3Znν,a,±(uη2Z )du
)
,
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we get that
η3Z ·nν,a,±(uη2Z )→
1
2
p
2πu3
as η→∞.
In other words,
lim
t→∞2
√
2πt3 ·nν,a,±(t )=
1p
Z
.
Consequently
lim
t→∞
p
2πtnν,a,±(ζ> t )=
1p
Z
.

Now we present the asymptotic behaviour of nν,a,±(ζ> t ) as t→ 0.
Theorem 4.8. For νq-almost every a ∈R, for any β> 11+α(q) ,∫
0+
tβ−1nν,a,±(ζ> t )dt <∞,
and for any β< 1
1+α(q) ,∫
0+
tβ−1nν,a,±(ζ> t )dt =∞.
In particular,
(4.7) liminf
t→0+
lognν,a,±(ζ> t )
− log t ≤
1
1+α(q) ≤ limsupt→0+
lognν,a,±(ζ> t )
− log t .
Proof. We have, for λ> 0,
1
λhν,a,±(λ)
=
∫∞
0
e−λtnν,a,±(ζ> t )dt .
Therefore for any δ> 0 and β> 0∫∞
δ
1
λβ+1hν,a,±(λ)
dλ=
∫∞
δ
λ−β
∫∞
0
e−λtnν,a,±(ζ> t )dtdλ
=
∫∞
δt
λ−βe−λdλ
∫∞
0
tβ−1nν,a,±(ζ> t )dt .
This implies that∫∞− 1
λβ+1hν,a,±(λ)
dλ<∞ ⇔
∫
0+
tβ−1nν,a,±(ζ> t )dt <∞.
By (4.5) this yields that for any β> 1
1+α(q) ,∫
0+
tβ−1nν,a,±(ζ> t )dt <∞,
22 XIONG JIN
and for any β< 1
1+α(q) ,∫
0+
tβ−1nν,a,±(ζ> t )dt =∞,
which implies (4.7). 
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